Abstract: We present a systematic analysis of the N = 8 superspace constraints in three space-time dimensions. The general coupling between vector and scalar supermultiplets is encoded in an SO(8) tensor W AB which is a function of the matter fields and subject to a set of algebraic and super-differential relations. We show how the conformal BLG model as well as three-dimensional super Yang-Mills theory provide solutions to these constraints and can both be formulated in this universal framework.
Introduction
Highly supersymmetric three-dimensional gauge theories have received tremendous attention over the last two years, in particular conformally symmetric matter ChernSimons gauge theories. The origin of this interest was triggered by the formulation of the BLG-model [1, 2] , a non-trivially interacting N = 8 supersymmetric matter Chern-Simons gauge theory. It is an example of the sought-after theories describing the low energy dynamics of M2-branes and the conformally invariant fixed point of N = 8 SYM theory [3] . Since then highly supersymmetric Chern-Simons gauge theories have been studied as examples of the AdS 4 /CF T 3 -correspondence and as solvable idealizations of condensed matter systems at the conformal fixed point [4] . Progress has been made especially for N ≤ 6 supersymmetric models. However, the N = 8 case, corresponding to M2-branes in maximally symmetric compactified Mtheory, remains notoriously intractable. The unitary BLG model is essentially unique with gauge group SO(4) and arbitrary Chern-Simons level, whereas the N = 6 supersymmetric U(N) × U(N) ABJM model [5] has a proposed enhanced N = 8 supersymmetry for Chern-Simons levels k = 1, 2, but a manifest N = 8 supersymmetric formulation seems to be out of reach. It is generally accepted that these models are CF T 's due to the quantized nature of the CS-coupling, for an explicit two-loop confirmation see [6] . For both kind of models Higgs mechanisms have been introduced to study the flow to non-conformal SYM theories [7, 5] .
Existing N = 8 superfield approaches [8, 9] using Nambu-brackets and pure spinors specifically describe the BLG model. In the work presented here, we formulate and analyze the N = 8 superspace constraints for general three-dimensional gauge theories which enables us to describe conformal Chern-Simons models and SYM theories on the same footing within a universal formalism. The matter sector is described by a real scalar superfield Φ I transforming in the vector representation of the SO(8) R-symmetry group. The gauge sector is described by a vector superfield which is an SO(8) singlet. These superfields are subject to appropriate constraints to restrict the field content and we study the possible couplings of the gauge and matter superfields. The set of theories which are allowed by the consistency conditions of the constraints can be parametrized by an antisymmetric SO(8) tensor W AB , which is a function of the matter superfields subject to the following concise SO(8)-projection conditions:
which will be explained in detail in the main text. The N = 8 superspace formulation implemented here is necessarily on-shell, so that pure superspace geometrical considerations of the multiplet structure determine the dynamics of the system in terms of superfield equations of motions. This is in analogy with the approach of [1, 2] , where the closure of the susy algebra led to the component field e.o.m. However, given a manifest super-covariant formulation the consistency checks of [1, 2] are automatically incorporated in this framework and allow for a broader discussion of generalizations of the BLG-model. We give two classes of solutions to the above conditions which describe BLGtype conformal Chern-Simons gauge theories and maximal SYM theories, respectively. Lagrangian formulations are possible in terms of component fields here, and for the unitary BLG-model they require SO(4) gauge group. The existence of a Lagrangian description at the conformal fixed point is not guaranteed, though favorable conditions of Z k orbifold M-theory compactifications make the existence of the Lagrangian description by the ABJM models plausible [10] , but there is a hitch, in the case of the proposed N = 8 supersymmetry with k = 1, 2 the theory is strongly coupled. Contrary to the four-dimensional N = 4 SYM theory there is no adjustable free parameter. In either case, existence of a strongly coupled Lagrangian or the lack of a Lagrangian description, quantum theoretical considerations have to be done by other means than perturbation theory within the models.
The superspace formulation that we present here provides a setting which allows the study of possible generalizations of BLG models and the determination of quantum corrections (to the e.o.m.) through symmetry considerations and by the rigidness of the N = 8 superspace, circumventing perturbation theory. We give an outline of possible strategies in the end of this paper. The formulation of the dynamics in terms of superfield equations of motions carries enough information to investigate the moduli space of the theories as well as the possible chiral primary operators. Also the restrictions due the N = 8 superconformal symmetry as discussed in superspace in [11] might be helpful for further investigations. A big challenge in the AdS 4 /CF T 3 correspondence remains the understanding of the scaling of degrees of freedom with N 3/2 for the strongly coupled theory describing N M2-branes [12, 13] .
Finally we want to mention recent developments in N = 8 light-cone superspace [14, 15] .
The paper is organized as follows. In section 2 we review N = 8 superfields and the associated constraints for the free matter multiplet, the free Chern-Simons multiplet and discuss the minimal coupling of the matter multiplet to a free CS background. In section 3 we introduce deformations of the free Chern-Simons constraint which are parametrized by an antisymmetric SO(8) tensor W AB . We couple the matter sector to the gauge sector to obtain non-trivially interacting theories and show that consistency is equivalent to the above mentioned SO(8)-projection conditions for the tensor W AB . We derive the explicit component equations of motion for general W AB and prove their equivalence to the superfield constraints. In section 4 we give particular solutions to the above conditions, leading to BLG models and to a dual formulation of N = 8 SYM theories, respectively, both embedded in the same superspace framework. We show how to explicitly re-dualize the SYM equations in N = 8 superspace. In section 5 we summarize our results and give an outlook on a number of future research directions. In appendix A we analyze a weaker version of the superfield constraints and derive the resulting multiplet structure and dynamics.
Free CS multiplet and minimally coupled matter
In this section we study the superspace description of the N = 8 super-multiplet for free matter fields and for matter fields minimally coupled to a free Chern-Simons multiplet, thereby introducing the basic conventions and methods used in this paper. The N = 8 superspace R 2,1|16 is parametrized by coordinates (x αβ , θ αA ), A = 1, . . . , 8, where the eight θ αA are real (Majorana) spinors in the 8 s of the SO(8) R-symmetry group and x αβ is a real symmetric matrix. 1 The susy covariant derivatives and the susy generators are given by the hermitian operators SO (8) indices are raised/lowered with a Kronecker-delta and thus one does not have to pay special attention to their position. We will also use gauge covariant derivatives in superspace, which we introduce as follows:
When acting in complex bundles the physicality condition would be that the bosonic superspace connection A αβ is anti-hermitian, while the fermionic one, A αA , is hermitian, but we consider here real bundles and therefore the property under complex conjugation is the primary issue. To have the same conjugation property as for the differential operators we require that the bosonic superspace connection A αβ is real, while the fermionic one, A αA , is imaginary. Both connections carry a representation of the gauge symmetry structure group and complex conjugation has to be defined accordingly. This and the action of the covariant derivatives on different fields will be discussed in detail when considering specific models.
The free matter multiplet

Superfield constraints
The N = 8 scalar multiplet consists of eight real scalars and eight Majorana-fermions (φ I , ψ αȦ ) in the 8 v and 8 c , respectively, of SO (8) . The free field equations are given by 2φ
where 2 := ∂ αβ ∂ αβ . The fields φ I and consequently ψ αȦ may carry an additional representation of some internal (global) symmetry group, which we do not indicate here but will be discussed in detail when we consider the interacting theories and systematically gauge these symmetries.
For finding superfields encoding this on-shell component multiplet it is therefore natural to start with a real scalar superfield Φ I in the 8 v of SO(8) (and in the same representation of a possible internal symmetry as φ I ), and impose necessary constraints to appropriately restrict the component field content. At first order in θ αA , this field contains components which transform as 8 v ⊗ 8 s = 8 c ⊕ 56 c under SO (8) . 2 Comparing to the field content of the component multiplet, it follows that one has to eliminate the unwanted component field in the 56 c . In a susy covariant way this is achieved by imposing
In [9] a pure spinor superfield formulation of the BLG model was given and the equivalent to (2.5) was found as an invariance condition for the pure spinor wavefunction. The constraint (2.5) implies the existence of a fermionic superfield Ψ αȦ such that D αA Φ I is explicitly restricted to the 8 c : 6) and for our purposes and in particular for applying the methods developed in [18, 19] it will be more convenient to work with this form of the constraint. Equation (2.6) can be solved explicitly for Ψ αȦ which by inserting gives back (2.5) . This form of the constraint resembles the form of the "super-embedding" equation of [8] , where the BLG model was realized in terms of Nambu-brackets. The similarity will become more evident in the interacting case. The fermionic superfield Ψ αȦ is not completely free, but is itself restricted due to the integrability condition of the constraint (2.6). With (2.2) this gives: 8) where the 3-form
is the 56 v and so is the SO(2, 1) vector b αβIJK . Inserting this decomposition into (2.7) shows that only the (3, 8 v ) part a I αβ can be non-zero and is given by the l.h.s. The integrability condition (2.7) then implies
The constraint (2.6) and its integrability condition (2.9) are the primary relations/conditions from which we derive all further consequences. From now on we will often refer to the constraint and its integrability condition as just the "(superfield) constraints". Using (2.2) to express x-space derivatives in terms of superderivatives one obtains that the superfields Φ I , Ψ αȦ subject to the constraints (2.6), (2.9) satisfy the free superfield e.o.m.
where 2 := ∂ αβ ∂ αβ . Thus the full superfields and therefore their lowest components φ I := Φ I | θ=0 , ψ αȦ := Ψ αȦ | θ=0 (which are nonzero as we will see), satisfy the free e.o.m. (2.4), as desired. One could expect to get an additional condition from the integrability condition of (2.9) but it is easy to see that it reduces to the superfield equations of motion (2.10).
Superfield expansion
Following [18, 19] we now derive recursion relations which determine the θ-expansion of the superfields. Defining the homogeneity operator
which satisfies R(θ α 1 A 1 . . . θ αnAn ) = n θ α 1 A 1 . . . θ αnAn , one obtains by contracting the constraints (2.6), (2.9) with θ αA the recursion relations 12) which due to the property of R give the (n + 1)'th order in θ of the superfields on the l.h.s in terms of the n'th order of the superfields on the r.h.s. The recursions (2.12) determine the complete superfield expansion in terms of the lowest components φ I and ψ αȦ , but without any further conditions on them and thus represent the non-dynamical part of the constraint equations. The resulting superfield expansion is:
Concluding, we have shown that the superfield constraints (2.6), (2.9) imply a superfield expansion exclusively in terms of the component multiplet (φ I , ψ αȦ ) with the supersymmetry transformations (2.14). Moreover, these superfields satisfy the free superfield e.o.m. (2.10) and thus the component fields satisfy the free e.o.m. (2.4). In the rest of this section, we will show that vice versa the on-shell component fields define superfields which satisfy the constraints (2.6), (2.9) so that these two descriptions are completely equivalent. In particular, the constraints (2.6), (2.9) do not imply any further restrictions on the components.
Equivalence to component e.o.m.
We now start from the on-shell component multiplet (φ I , ψ αȦ ) , which is assumed to satisfy the free e.o.m (2.4), which are supersymmetric under the transformations (2.14), and show that this defines superfields satisfying the constraints (2.6), (2.9) .
Susy covariance. We use the recursion relations (2.12) to define superfields out of the component multiplet (φ I , ψ αȦ ). For the first few terms in the θ-expansion (2.13) we have already shown that the component supersymmetry transformations (2.14) can be written as δΦ I = ǫQΦ I , δΨ αȦ = ǫQΨ αȦ , with Q αA given in (2.1). The recursion relations (2.12) are not susy covariant and one has to check explicitly if they define a consistent superfield 4 , i.e. that susy transformed superfields satisfy the same recursion relations.
Acting with ǫ αA Q αA on the recursion relations (2.12) one obtains
Thus the susy variations satisfy the same recursions as the original fields iff the superfield constraints (2.6), (2.9) are satisfied. To show that the component e.o.m. imply these constraints we first prove that they imply the full superfield e.o.m. Superfield e.o.m. To zeroth order in θ, the superfields equal the components (φ I , ψ αȦ ) and thus per construction satisfy the e.o.m. To show that this implies that they are satisfied in all orders in θ we derive a recursive system for the superfield e.o.m.,
Using exclusively the recursion relations (2.12) one obtains Constraints. In the last step we show that the superfield e.o.m. (2.10) imply the constraint equations (2.6), (2.9) . To this end we introduce the abbreviations
Using the recursion relation (2.12) one obtains the following recursions for the constraints C I αA and C αβAȦ : 19) where in the second relation we used the fermionic superfield e.o.m. (2.10). These recursions imply that the constraints C I αA and C αβAȦ vanish in all orders in θ. We thus have proved that the on-shell multiplet (φ I , ψ αȦ ) with equations of motion (2.4) is completely equivalent to the superfields (Φ I , Ψ αȦ ) satisfying the constraints (2.6), (2.9).
Free Chern-Simons multiplet
In general, we will be interested in theories whose matter content is given by a number of scalar super-multiplets. At the linearized level, such theories are described by N superfields Φ Ia , Ψ a αȦ , subject to the constraint (2.6), where the additional index a = 1, . . . N, labels the different super-multiplets. The obvious global symmetry group (besides the SO(8) R-symmetry, which we will not gauge) of the system is GL(N, R) ⋉ T(8N) acting as 20) with a matrix Λ ∈ gl(N, R) (where we have suppressed the explicit indices a), which are obviously symmetries of (2.6). The shifts T(8N) act exclusively on the scalars Φ I .
6
In the interacting theories, a subset of these symmetries will be gauged by selecting a subalgebra g
The component field equations (2.4) would allow also for global shifts δψ αȦ = ζ αȦ of the fermionic component field and thus of the superfield Ψ αȦ . In view of the superfield expansion (2.13) this would imply a corresponding θ-dependent shifts δΦ
ζ αȦ in the bosonic superfield Φ I and represent a more involved symmetry of the constraints (2.6), (2.9). We do not consider this possibility here.
spanned by generators T M . Choosing g to have non-trivial intersection with t(8N) a priori breaks the SO(8) R-symmetry. The corresponding gauge superfields appearing in the covariant derivatives (2.3) are given by [21, 1, 2] . We will see in later sections how the defining relation of these three algebras, the fundamental identity for a rank four tensor, is a natural consequence for conformal models based on Lie algebras.
Introducing the gauge parameter field Ω = Ω M T M , the local versions of (2.20) and the gauge transformations of the gauge fields can be compactly written as 23) where the gauge fields transform in the adjoint of (2.21) and the matter superfields now transform in some representation of the gauge algebra which is indicated by the dot. The field strengths are given in the usual way through (anti)commutators of the connections minus torsion terms, i.e.
(2.24)
Free CS superfield constraints
The gauge superfields (A αA , A αβ ) contain way to many component fields and one has to impose constraints to obtain a physically meaningful multiplet. It has turned out to be promising to impose (partial) flatness conditions on the bi-spinor field strength, here F αA,βB , to eliminate unphysical degrees of freedom [22, 23, 24, 25] . In many cases this corresponds to an underlying geometric structure of twistors and pure spinors [24, 25, 26, 27] . The bi-spinor field strength contains the representations
The (3, 1) part corresponds to a second component vector field in the superfield expansion of A αA with the same gauge-transformation as the lowest component of A αβ . Following the standard approach, see for example [28, 29] , we will set this part to zero as the so-called "conventional constraint", which in particular eliminates the additional component vector field. Putting further constraints on F αA,βB , in contrast, will not only eliminate component fields, but also induce (partial) equations of motion for the remaining fields. We shall analyze this in more detail in this paper.
Since we are interested here in the free multiplet we impose in this section a constraint which is rather strong in three dimensions and require the entire F αA,βB to vanishes. Relaxations of this constraint will be discussed when we consider nonminimally interacting theories. Thus, for this section we set
As in the case of the matter superfield constraint (2.6) the right r.h.s. of (2.26) is not completely free but has to satisfy certain conditions so that it factorizes into an anti-commutator. The analogon to the integrability condition (2.9) are the Bianchi identities, which are simply obtained from the super-Jacobi identities for the covariant derivatives:
First of all, these identities imply nontrivial conditions in case (2.26) appears, i.e. for the first and second identity with three fermionic and two fermionic covariant derivatives, respectively. In these cases one obtains:
Decomposing the two equations analogously to (2.8) into irreducible representations of SO(2, 1) and SO (8), one finds that the two Bianchi identities imply that also the other two components of the super field strength vanish, i.e.
With these strong equations for the commutators/field strengths the other two Bianchi identities in (2.27) are identically fulfilled and do not impose further conditions. The second equation in (2.29), which follows with the help of the first one, is the free Chern-Simons superfield equation of motion. To see what this implies at the level of component fields we again follow the strategy of [18, 19] to obtain the superfield expansion.
Superfield expansion
To eliminate the gauge degrees of freedom in the gauge superfields and to be able to apply the same recursive method as in (2.12) one imposes the "transverse" gauge [18] on the fermionic gauge superfields,
This fixes the gauge freedom (2.23) up to pure x-space dependent gauge transformations and is thus a kind of WZ-gauge. Moreover, it allows to write the recursion operator R (2.11) in a covariant form. Therefore, contracting the constraint (2.26) and the first Bianchi identity (2.29) with θ γC one obtains the recursion relations
This gives the rather trivial superfield expansions,
where the lowest component A αβ := A αβ | θ=0 is the vector field in x-space. The condition due to the second Bianchi identity in (2.29) thus implies the component field equations
which is the free Chern-Simons e.o.m. Consequently, the multiplet associated with the constraint (2.26) contains a single component field, the vector field A αβ , which describes a flat connection and therefore has no local degrees of freedom.
To prove that a component vector field A αβ , satisfying (2.33) is equivalent to the full constraint (2.26) is trivial in this case. Adopting the superfield expansions (2.32) one immediately sees that these superfields satisfy the constraint (2.26) and the Bianchi identities (2.29) due to the component field e.o.m. (2.33). Nevertheless, we consider the susy-covariance of the recursion relations and the susy-transformations of the component field. Defining the superfield transformations as before, i.e. δA αA = ǫQA αA and δA αβ = ǫQA αβ , and acting with ǫQ on the recursions (2.31) one finds: 34) where in both cases the last term is a field dependent supergauge transformation with the gauge parameter field 
Thus the susy transformations of the superfields are (on-shell) pure gauge transformations with the field dependent parameter Λ (2.35). These gauge transformations do not have a component in the appropriate order of θ such that the supersymmetry transformation of the component field in (2.36) is just
The curious fact for the free Chern-Simons case, that a multiplet with a single component field, A αβ , is nevertheless (on-shell) supersymmetric was discussed in [3] . Here we obtain the same result in a super-covariant way.
Minimal Coupling of matter to free CS
We now covariantize the procedure of section 2.1 by minimally coupling the matter superfields to gauge superfields subject to the constraint (2.26). It therefore describes matter fields minimally coupled to a free CS background (without backreaction). Given that the gauge field remains a flat connection this seems to be trivial, but it sets the formalism for the next section, where we consider non-linear deformations which lead to a non-trivially coupled system.
Superfield Constraints
The covariantized constraint (2.6) with minimal coupling is
Using the gauge field constraint (2.26) and the Bianchi identities (2.29), the integrability condition of (2.38) reduces to
Further, using the gauge field constraint (2.26) to express ∇ αβ in terms of superderivatives and the Bianchi identities (2.29) together with (2.38), (2.39), the superfield e.o.m. compute to
where
Superfield expansion
To obtain the superfield expansion we again impose the "transverse" gauge (2.30). Contracting the constraints (2.38), (2.39) with θ αA one obtains the recursion relations
This again defines the superfield expansion in terms of the lowest components φ I = Φ I | θ=0 and ψ αȦ = Ψ αȦ | θ=0 , where things considerable simplify due to the fact that for the free Chern-Simons multiplet in the "transverse" gauge (2.32) one has
i.e. only the lowest component of the vector superfield is present in the superconnection ∇ αβ . 8 Hence the superfield expansion is given by 
The supersymmetry transformations of the matter multiplet are obtained from the superfield expansion (2.43) in the usual way,
where as in the case of the gauge multiplet we obtain the component field transformations modulo a compensating gauge transformation with the same gauge parameter Λ (2.35). The resulting supersymmetry transformations are then
where for completeness we have rewritten the transformation of the gauge field (2.37). These supersymmetry transformations again resemble the recursion relations (2.41), (2.31) of the associated superfields.
8 By ' o ' we generically denote the lowest component of a superfield:
We have already shown that the component vector field A αβ subject to the free Chern-Simons e.o.m. (2.33) is equivalent to the gauge field constraint (2.26) and its Bianchi identities (2.29). What remains to be shown is that the same is true for the matter multiplet. Again we start from the multiplet (φ I ,ψ αȦ ), satisfying the e.o.m. (2.44) and construct superfields out of it according to the recursions (2.41). It is convenient to introduce again the constraint functions
where we used the same symbols as for the free matter multiplet, which now encode the minimally coupled constraints (2.38), (2.39) (but this should not lead to any confusion). Acting with ǫ αA Q αA on the recursions (2.41) one obtains the recursions for the susy transformed fields as
Therefore, modulo super gauge transformations with the parameter Λ of (2.35) the recursion relations are susy covariant in case that the matter constraints (2.38), (2.39) and the Bianchi identities (2.29) are satisfied. The rest of the proof that the component e.o.m. (2.44) imply superfield e.o.m. and superfield constraints, proceeds exactly as in the previous discussion of section 2.1 by simply replacing all derivative operators by covariant derivatives. Thus again, the superfield constraints are completely equivalent to the component multiplet with the e.o.m. (2.44). We will see in the next section how deformations of the constraint (2.26) will modify these results and introduce non-trivial interactions.
Interacting theories 3.1 Vector superfield with a modified constraint
In this section, we consider the vector superfields A αA , A αβ for which the constraint (2.26) is modified to
where W AB = −W BA is an antisymmetric SO(8)-tensor. 9 There are two different situations in which the system (3.1) may appear. First, if W AB is a given function of the matter superfields of the theory, i.e. W AB = W AB (Φ I , Ψ αȦ ), the system (3.1) describes a deformation of the original constraint (2.26) which will in particular induce a (non-linear) deformation of the original (super)field equations of motion (2.44) by terms containing W AB and its (super-)derivatives. This is the scenario we will be dealing with in this paper. As we will see, as soon as the matter superfields are coupled to the gauge superfields, W AB is necessarily a function of them. In this case we will refer to the SO(8)-tensor W AB as the deformation potential.
Alternatively, one might consider the vector multiplet independently and regard W AB as an independent field defined by equation (3.1), in which case this equation rather amounts to parametrizing a weakening of the original constraint (2.26) to
In that case, the dynamics induced by (3.2) can be considered independently of the matter sector and will in particular lead to a different number of degrees of freedom contained in the vector superfield.
In either case the Bianchi identities impose conditions on W AB for the the constraint (3.1) being self consistent.
Bianchi identities
As in the free theory, the immediate nontrivial conditions on the superfields are given by the first two Bianchi identities in (2.27), where (3.1) appears. Using the constraint (3.1) the first Bianchi identity imposes the condition
Decomposing the terms of this equation analogously to (2.8) according to their SO(8) representation content, one deduces that solvability requires the 160 s to vanish within the the tensor product ∇ αA W BC ∼ 8 s ⊗ 28 = 8 s ⊕ 56 s ⊕ 160 s . This implies the existence of superfields λ αA , in the 8 s , and ρ αABC = ρ α [ABC] , in the 56 s , such that the superderivative ∇ αA W BC satisfies the condition
This constraint will play a central role in the following. In particular, if we consider W AB as a function of the matter fields of the theory, this composite superfield must satisfy (3.4) in order for the system (3.1) to be consistent. The Bianchi identity (3.3) then fixes the fermionic field strength F αβ,γA to
Using the constraint (3.1), the second Bianchi identity in (2.27) writes as 6) and with (3.5) implies the existence of another superfield
Here, F αβ = F (αβ) denotes the vector dual to the bosonic field strength, i.e. F αβ := ε γδ F αγ,βδ . This duality is characteristic for three dimensions and we will use this relation frequently in the following.
The first Bianchi identity identifies F αβ,γA with a single field (3.5) and thus, contrary to the free case (2.29), also the third Bianchi identity in (2.27) gives a nontrivial condition on the superfields:
The equations (3.4), (3.5), (3.7) and (3.8) are the consistency conditions for the constraint (3.1), which are imposed by the Bianchi identities.
Deformed super-CS e.o.m. In the case that a deformation potential W AB = W AB (Φ I , Ψ αȦ ) is chosen the derived superfields λ αA , ρ αABC , etc. are also given functions of the matter superfields. In particular defines (3.7) the super field strength F αβ in terms of the matter superfields in the following form:
where we used (3.4) to express λ αA in terms of the deformation potential W AB . As in the free case (2.29) one obtains the superfield e.o.m. in the gauge sector from the second Bianchi identity and (3.9) explicitly shows, how the dynamics of the free Chern-Simons gauge field is deformed by the presence of the deformation potential W AB . A priori, with (3.9) the fourth Bianchi identity in (2.27), which takes the form
may give rise to yet another condition. However, one can evaluate the l.h.s. of (3.10) using the constraint (3.1) and the conditions (3.8), (3.5) to show that (3.10) is identically fulfilled and does not impose additional conditions.
Integrability conditions
The integrability conditions of the constraints derived from the Bianchi identities, in particular (3.4) and (3.7), determine the superderivatives of the various additional superfields and eventually allow to define a closed recursive system for a systematic superfield expansion analogous to the procedure in section 2. In the case that the gauge sector with the constraint (3.1) is considered as an independent system these are genuine conditions on these superfields which correspond to independent degrees of freedom. We give a thorough account on this scenario in appendix A. By contrast, in choosing a certain deformation potential W AB (Φ I , Ψ αȦ ) satisfying the conditions (3.4),(3.7) and (3.8), the "sources" on the r.h.s are derived from W AB and the integrability conditions are identically satisfied and give identities rather than conditions. In addition, the constraints (3.1) and (3.5) define RA αA and RA αβ in terms of the matter superfields and thus form together with RΦ I , RΨ αȦ a closed recursive system. We will carry out the detailed analysis of the superfield expansion, component equations and the equivalence thereof to the constraints in the next subsection, where we study the coupling between the gauge and matter sector. We develop here the system of integrability conditions till the point we will need it for a general discussion of the possible couplings to the matter sector. Especially we want to clarify here which of the restrictions (3.4),(3.7), (3.8) on the choice for the deformation potential W AB (Φ I , Ψ αȦ ) are independent. The integrability condition of (3.7) gives ∇ αA V BC and reproduces the third Bianchi identity (3.8) . Analyzing the integrability conditions of (3.4) determines ∇ αA ρ βBCD and reproduces the second Bianchi identity (3.7) with F αβ as given by the CS-e.o.m. (3.9). Consequently, the only remaining restriction on the choice of W AB (Φ I , Ψ αȦ ) is the condition (3.4). The resulting covariant super derivatives of the various fields are:
γ) ] , (3.11) where the last equation for the superfield U βγBCDE = U (βγ) [BCDE] has been obtained from the integrability condition for the ∇ αA ρ βBCD equation. At this point superderivatives of the fields are determined up to the tensor τ αβγ ABCDE = τ (αβγ) [ABCDE] . This is all we need for a general discussion of the matter couplings and we refer to appendix A to see how the system closes.
We have thus shown, that deforming the free constraint (2.26) by choosing W AB to be a certain function W AB (Φ I , Ψ αȦ ) of the matter superfields, the Bianchi identities are satisfied provided that W AB satisfies the constraint (3.4). The super field strengths are given by (3.5) and the deformed super Chern-Simons equations (3.9). Consequently, the constraint (3.4) is the only condition on the choice of W AB for the deformation (3.1) to be self-consistent.
Matter superfields and gauge matter coupling
In this section we study the consequences of the deformation (3.1) for the matter sector and give a detailed discussion parallel to the sections 2.2 and 2.3 of the coupled system regarding component field equations, supersymmetry transformations and the equivalence thereof to the combined constraint system. As for the gauge sector the deformation will modify the dynamics by terms polynomial in the deformation potential W AB and its (super-)derivatives. Compatibility of the system will require W AB to satisfy additional algebraic constraints.
Superfield constraints
The most conceivable starting point for the matter sector is to keep the covariantized constraint (2.38) for the scalar superfield Φ 12) and deduce the consequences due to the new vector superfield constraint (3.1). For a given constraint in the gauge sector, (3.12) to a large extent determines the resulting dynamics of the system. Using the gauge field constraint (3.1) the integrability condition of (3.12) is now modified to
Repeating the analysis of section 2 determines ∇ αA Ψ βȦ but also gives restrictions on the new (second) term on the l.h.s. Since the 160 v in
is unpaired in equation (3.13) it has to vanish separately. In the following it will be often convenient to write W AB in the vector notation
, such that the constraint on W AB · Φ K writes as
In addition to the constraint (3.4) this will be the main restriction on the possible choices for the deformation potential W AB (Φ I , Ψ αȦ ), which fixes the details of the dynamics. In the following we will refer to these two constraints (3.4), (3.15) , which determine the set of possible models, as the W -constraints. The algebraic Wconstraint (3.15) also shows that as soon as the matter sector is coupled to the gauge sector, the modification W AB of the gauge field constraint (3.1) has to be considered as a function of the the matter superfields which at least depends on Φ I . After some SO(8)-Γ-matrix algebra the integrability condition (3.13) yields 16) for the superderivative of the fermionic superfield. Using the gauge field constraint (3.1) to express x-space covariant derivatives through covariant superderivatives and the various constraint relations and Bianchi identities of this section, one obtains the superfield equations for Ψ αȦ and Φ I : 
Superfield expansion
We again impose the "transverse" gauge (2.30) to construct the superfield expansion via a recursive system. Contracting the constraints for the matter fields (3.12), (3.16) and the gauge field constraint (3.1) with θ αA , and the Bianchi identity (3.5) with θ γA , one obtains the recursion relations for the superfields Φ I , Ψ αȦ , A αA and A αβ :
which generalize the recursions of the free theory (2.31) and (2.41). The composite superfields of the gauge sector, such as λ αA , ρ αABC , V AB , etc., are now given functions of the matter superfields via the deformation potential W AB (Φ I , Ψ αȦ ), 19) as can be seen from equations (3.4), (3.7) and (3.11). The recursion relations for these composite superfields as well as for W AB and F αβ are determined by the recursions of the fundamental superfields (3.18), but on the constraint surface they are equivalently given by the contraction of (3.4), (3.7), (3.8) and (3.11) with θ αA . Off the constraint surface, and thus when deriving the constraints from the component field equations, this is no longer true as we will see. To second order in θ, the superfield expansion can be expressed in terms of the composite fields explicitly given in (3.19):
while for A βB , the expansion of is formally the same as in abelian case (A.9) of appendix A, see also (A.11) for more details. To obtain explicit expressions one has to compute the lowest order components of the composite fields in (3.19) . To this end we assume here and in the following that W AB depends on Φ I only and not on the fermionic superfield Ψ βȦ , i.e.
The explicit cases that we are going to study in this work fall into this class of deformation potentials W AB . Using (3.12) and with ∂ Ia := ∂/∂φ Ia , where the index a refers to the representation of the gauge (structure) group, the projection on the lowest components for the composite fields takes the form
With the above relations and the superfield expansions (3.20) one obtains from (3.17) in a straightforward way the component field e.o.m. for the component fields φ I and ψ αȦ . The CS-e.o.m. is the lowest component of (3.9) and can be computed analogously to (3.22) . Together, the full system of component e.o.m. is given by
The supersymmetry transformations for the independent component fields φ I , ψ αȦ and A αβ are again obtained from the superfield expansion, (3.20) , by acting with ǫ αA Q αA and modding out a restoring super gauge transformation with gauge parameter
which is formally the same as for the free CS-multiplet (2.35) but has a more nontrivial superfield expansion, see (A.9). The obtained component supersymmetry transformations are, 
where the projector P
[RST ]
160 , acting on three indices R, S, T referring to the same representation, was introduced in (3.15).
In this part we prove that the component multiplet (φ I , ψ αȦ , A αβ ) satisfying the e.o.m. (3.23) with the conditions (3.26) for the deformation potential, and the supersymmetry transformations (3.25) is equivalent to our constraint system, in particular the gauge field constraint (3.1) and the matter field constraint (3.12) and consequently their Bianchi identities and integrability conditions. The reader who is only interested in the mere fact of this equivalence may skip the details of the proof presented here.
As in the previous sections we construct superfields A αA , A αβ , Φ I and Ψ αȦ out of the component multiplet according to the recursion relations 11 (3.18) . One can ask again if this definition of superfields is susy covariant and mutatis mutandis one obtains the result analogous to (2.34) and (2.48) that these superfields are susy covariant modulo supergauge transformations with the parameter (3.24) if the constraints (3.1), (3.5), (3.12) and (3.16) are satisfied.
To demonstrate the equivalence between component field equations and the constraints we again construct a recursive system for the constraints-and superfield e.o.m. expressions. Due to the non-trivial coupling of the gauge and matter sector, and in particular due to the conditions on the deformation potential W AB , the situation is quite involved and we introduce a more symbolic notation such that the structure of the system remains clear. From the gauge sector the following expressions, resembling (3.1), (3.5), (3.7) and (3.4) will occur in the recursive system
where we have introduced the abbreviation
, and the other composite fields were given in (3.19) . The expressions of the matter sector, resembling (3.12), (3.16), (3.17) and (3.15) , are:
The explicit expressions for E αȦ , E I were given in (3.17). In the following, the detailed index structure of the occurring expressions will not be important and in general we stick to the notation on the l.h.s of these definitions.
To determine the action of the recursion operator R (2.30) on the expressions (3.27), (3.28) we will need the superderivatives of the composite fields off the constraint surface, i.e. the analogs of (3.7), (3.8) and (3.11), but with F αβ replaced with X αβ 12 . These equations were obtained as consecutive integrability conditions of the differential W -constraint (3.4). Off the constraint surface one has to start instead from G in (3.27). Keeping track also of the other constraints one finds the following modifications of (3.7), (3.8), (3.11):
where ∇ symbolically stands for a superderivative ∇ αA with unspecified indices. In addition we need the expression for RF αβ . As a consequence of the recursive definitions of the independent superfields (3.18) certain contractions of the constraints with θ αA vanish identically, i.e. θ αA C I αA = θ αA C αA,βȦ = θ αA G αA,βB = θ δD G αβ,δD = 0. With this one finds by acting with ∇ γδ on RA αβ in (3.18) 30) which is the same as on the constraint surface, i.e. the equation obtained by contraction of (3.8) with θ αA .
For the W -constraints the results follow directly from the conditions (3.26) on the lowest components of the deformation potential W AB . The algebraic W -constraint in (3.28) is identically zero, i.e. C IJK = 0, due to the first condition in (3.26). The last equation in (3.27) can be read as G = P (∇ αA W BC ) and thus as a consequence of the second condition in (3.26) the differential W -constraint takes the form
where the second expression is of the symbolic form that we will use in this section.
We now have all the ingredients needed to compute the action of R on the other expressions (3.27) and (3.28) . Using the recursions (3.18) and the relations derived in this part, one finds for the gauge sector 32) which are obtained more or less straightforwardly. For the matter sector one obtains
where ∇ αβ symbolically stands for a bosonic covariant derivative, the given indices have no specific meaning. The first relation in (3.33) is straightforwardly obtained and uses the fact that C IJK = 0, as explained above (3.31) . The derivation of the other relations is rather involved and uses, in this order, the first, second and third superderivative of the just mentioned relation, i.e. ∇C IJK = 0, ∇∇C IJK = 0 and ∇∇∇C IJK = 0. Via (3.29) these produce a number of constraints which we extracted here, the remaining terms are found to cancel with the help of an algebraic computation using Mathematica. The notation used in (3.32) and (3.33) is rather formal, the suppressed index structure appears in all kind of combinations. This is enough information to show recursively that the whole system of constraints (3.27), (3.28) vanishes to all orders in θ as a consequence of the equations for the component fields (3.23), (3.26) . In the first step one sees that to lowest order all expressions in (3.27) and (3.28) are zero due to (3.23), (3.26) or the recursion relations (3.32), (3.33):
In the sequence given here for the lowest component it is easy to show using (3.32), (3.33) and (3.31) , that to order (n + 1) in θ all expressions in (3.27), (3.28) are zero if they vanish at order n (the only subtlety one has to be careful about is the appearance of the superderivatives ∇ in (3.27), (3.28), which brings in higher order coefficients). With (3.34) this inductively proves that all expressions in (3.27), (3.28) , vanish to all orders in θ due to the component field equations (3.23), (3.26) , and thus shows the equivalence of the component field formulation and the constraints (3.1) and (3.12) and all their consequences.
Concluding this section, we have shown that the weaker gauge field constraint (3.1) is consistent only if the deformation potential W AB satisfies the differential Wconstraint (3.4). Coupling to the matter system via the same constraint as in the free CS case, (3.12), further imposes the algebraic W -constraint (3.15) on W AB and thus necessarily makes the deformation potential a function of the matter superfields. This results in the interacting CS-and matter superfield e.o.m. (3.9) and (3.17) . For the case that W AB is a function exclusively of the scalar superfield Φ I we gave the component field e.o.m. and the supersymmetry transformations (3.23), (3.25) , (3.26) and demonstrated the equivalence of the component field equations to the superfield constraints. The generalization of these considerations to a more general deformation potential W AB , depending also on the fermionic superfield Ψ αȦ is straightforward. In the next section we will give explicit solutions to the W -constraints which will imply the conformal BLG-model and N = 8 SYM theory in its dual formulation, respectively.
Solutions to the superspace constraints
In this section, we present different solutions to the obtained superspace constraints and show how all known examples of three-dimensional N = 8 gauge theories fit into our framework. Let us start by reviewing the structure of superspace constraints identified so far. The matter sector of these three-dimensional gauge theories is described by a scalar superfield subject to the constraint (3.12)
The full theory is then identified by specifying their gauge algebra g (2.21) as a subalgebra of gl(N, R) ⊕ s t(8N) and by choosing W AB (Φ I , Ψ αȦ ) in (3.1) as a function of the matter superfields of the theory. This choice of the deformation potential W AB is not arbitrary but must satisfy two independent superfield conditions, the W -constraints (3.4) and (3.15):
The first equation requires that the deformation potential W AB depends on the matter fields such that (4.2) is satisfied as a consequence of (4.1). In contrast, equation (4.3) also explicitly contains the action of the gauge group on the matter fields and will thus put further restrictions on the possible gauge groups. We will see in explicit examples, that the conditions (4.2), (4.3) are truly independent as there are solutions to either one of them that do not solve the other equation.
Conformal gauge theories
In this section we consider gauge groups G that are subgroups of GL(N, R), N being the number of scalar super-multiplets, such that the superfield A αA can be represented as a matrix in the adjoint representation of G. 
This shows that the tensor f a b,cd needs to satisfy complete antisymmetry in the last three indices f
transforms in the 8 v ⊗ alt 3 = 56 v of SO (8), thus satisfying (4.3). For such a tensor f a b,cd , the quadratic equation (4.5) reduces to the so-called fundamental identity.
The same condition on a tensor f a bcd , interpreted as a structure constants of a three-algebra, has been used in [31] in a component formulation of the equations of motion. This shows how the constructions of [1, 2, 31] are embedded into our superspace analysis. The existence of an action furthermore requires the existence of a metric h ab and total antisymmetry of the tensor f abcd ≡ h ae f e [bcd] . It has been shown in a number of papers (see e.g. [32, 33] ), that for a positive definite metric h ab , equation (4.5) admits no other solutions than the compact SO(4) of the original construction of [1, 2] . Solutions of (4.5) with indefinite metric have been found and studied in [34, 35, 36] .
In order to complete the construction of this example, we evaluate the general formulae of the last section for the particular choice (4.4). From (3.19), we obtain
as well as the first order Chern-Simons equations of motion (3.9)
After some calculation, the bosonic equations of motion (3.17) take the form (4.10) and coincide with the result of [31] . For the theories with action, they exhibit the Yukawa couplings and the sextic scalar potential of [1] .
Yang-Mills gauge theories
It has been shown in [37, 38] that three-dimensional Yang-Mills gauge theories have an equivalent formulation as matter-coupled Chern-Simons gauge theories with nonsemisimple gauge group
where T k denotes a set of k ≡ dim G YM translations, transforming in the adjoint representation of G YM . This allows to embed also Yang-Mills gauge theories into the general superspace formulation presented above. In the context of M2 branes, this duality has been discussed in [36, 39] . In order to realize (4.11) as a subgroup of GL(N, R) ⋉ T(8N), we start from matter fields Φ a I , Ψ a αȦ in the adjoint representation (thus N = k), with the index a now labelling the adjoint representation of the Yang-Mills gauge group G YM , and f ab c denoting the Yang-Mills structure constants. To obtain the subalgebra t associated with the subgroup T k ⊂ T(8k) we choose a fixed SO(8)-vector ξ I and define the generators T a of t as
with a constant vector ξ I , and where the T I a span the full Lie algebra of T(8k). The gauge superfields in the covariant derivatives as defined in (2.22) are thus chosen to be
with the Yang-Mills and the translation generators acting on the scalar superfield as
respectively. The constant vector ξ I breaks SO(8) down to SO(7). The algebra of the generators (2.21) hence splits into the semidirect sum as
The bosonic gauge superfield A αβ = A M αβ T M is decomposed analogously to (4.13), except for the factor of i (2.22). With regard to the separation of the gauge superfields we can write the covariant derivatives accordingly,
where∇ αA contains onlyÂ αA , etc.. The action on the superfield Φ I then takes the form 17) and accordingly for the bosonic superfield connection ∇ αβ . On all other fields, which are neutral under shifts generated by the T k , the action of ∇ αA and∇ αA coincides. The explicit form of the gauge transformations (2.23) is then given by 18) and analogous transformations for the bosonic superfieldsÂ αβ , B αβ . These transformations lead to a homogeneous covariant transformation of the super covariant derivatives of Φ I , i.e. 19) which thus is neutral under local shifts in Φ I . As for the covariant derivatives, also the conventional field strengths acquire extra terms only in the case of their action on the scalar superfields Φ I . With the definitions (4.13), (4.15) one obtains for the anti-commutator 20) with the split of field strength into F αA,βB =F a αA,βB T a + H a αA,βB T a , i.e.
Similarly, we split the bosonic field strength F αβ,γδ into a partF αβ,γδ corresponding to the standard non-abelian Yang-Mills field strength of the gauge fieldÂ αβ and H αβ,γδ =∇ αβ B γδ −∇ γδ B αβ such that
It remains to find a solution for the tensor W IJ living in the algebra (4.15) that satisfies the constraints (4.2) and (4.3). Our proposal is the following
where the superscripts (0), (1) refer to the G YM -covariant grading of the algebra (4.15). The SO(8) vector ξ I has canonical dimension 1 2 . It is straightforward to verify that this function satisfies the constraint (4.2) as a consequence of (4.1). The argument is as in the last section: it follows with (4.1) that ∇ αA W BC w.r.t. SO(8) transforms in the tensor product 8 v ⊗ 8 c = 8 s + 56 s , which does not contain a 160 s . Moreover, with (4.14) one checks that
is completely antisymmetric in [IJK], i.e. transforms in the 56 v , and thus also satisfies the constraint (4.3). This fixes the relative factor in (4.23). Finally, gauge covariance of the ansatz (4.23) requires
the standard Jacobi identities for the structure constants of G YM . To complete the construction, we evaluate the general formulae of section 3.2 for the solution (4.23). From (3.19) we obtain
and
The first order CS-equations of motion (3.9) yields
Finally, the bosonic equations of motion (3.17) reduce to
In order to show the equivalence to the standard formulation of three-dimensional N = 8 Yang-Mills theories, one uses part of equations (4.28) to integrate out the vector field B αβ . Explicitly, we split the SO(8) index I → (i, 8) with i = 1, . . . , 7, set
, with a dimension 1 2 constant g YM , and fix the gauge freedom δΦ I = ξ I C by setting Φ 8 = 0. Note that this gauge differs from the "transverse" gauge (2.30), which imposes also θ αA B αA = 0 and was used in the previous analysis to construct the superfield expansion.
Using (4.17) the T a component of equation (4.28) reduces in this new gauge tô 30) and can be used to eliminate the gauge field B αβ from all equations. In particular, with H αβ,γδ as given above (4.22) the remaining component of equation (4.28) takes the form
in which we recognize the standard second-order Yang-Mills equations of motion for the remaining gauge fieldÂ αβ . The scalar field equations of motion are obtained from (4.29) after imposing ξ I Φ I = 0, and exhibit the quartic potential in the scalar fields Φ i . It is instructive to study this redualization of the three-dimensional degrees of freedom on a more fundamental level directly in terms of the superfield constraints. Upon setting Φ 8 = 0, the scalar constraint (4.1), or explicitly (3.12), implies that 32) i.e. the vector superfield B Aα which gauges the translations is identified with the fermion superfield ΨȦ α . With (3.16) we thus obtain from (4.21)
( 4.33) I.e. the constraint (3.1) is automatically satisfied for the T a component of the superfield strength. The remaining part of this superfield constraint yieldŝ 34) or equivalently
If we take this equation as a definition for the scalar fields Φ i , the Bianchi identities for (4.35) induce the matter superfield constraint (3.12) . In this respect, equation (4.35) may thus be considered as a weaker version of the constraint (2.26), which accordingly gives rise to Yang-Mills dynamics rather than to a Chern-Simons dynamics for the gauge fields involved. Moreover, we recognize in (4.35) the remnant of the superfield constraint underlying ten-dimensional super Yang-Mills theory [19, 25] 36) with SO(9, 1) vector and spinor indices I and A, respectively, after breaking the Lorentz group SO(9, 1) → SO(2, 1) × SO (7) and truncating the partial derivatives w.r.t. the seven internal coordinates. The scalar fields Φ i represent the seven internal components of the ten-dimensional vector.
Conclusions and outlook
In this paper, we have given a systematic analysis of the N = 8 superspace constraints in three space-time dimensions. The general coupling between vector and scalar supermultiplets is encoded in the deformation potential W AB which is a function of the matter fields subject to the W -constraints (4.2) and (4.3). The full equations of motion are given by equations (3.9) and (3.17). We have given two solutions (4.4) and (4.23) to these constraints corresponding to conformal matter Chern-Simons theories and to three-dimensional maximally supersymmetric Yang-Mills theory, respectively. The presented results and the universal formalism in which all known N = 8 three-dimensional gauge theories have been embedded suggest a number of possible generalizations and directions of further research of which we list a few in the following.
• In the course of this paper we have met and analyzed various different constraints for the super field strength F αA,βB . In its strongest version (2.26) the field strength F αA,βB is set to zero which gives rise to a (first order) ChernSimons dynamics of the bosonic gauge field. A weaker version of the constraint is (3.2) which allows for a non-vanishing part in the irreducible (1, 28) . As shown in appendix A, this leads to an enlarged vector multiplet with essentially no dynamics (apart from certain first order constraint equations on the higher order components of the multiplet). Yet another version of the constraint has been encountered in (4.35) upon breaking SO(8) down to SO (7) and allowing an irreducible (1, 7) in the super field strength. As discussed above, this is related to a ten-dimensional origin of the theory and induces a (second order) Yang-Mills dynamics for the bosonic gauge field. In order of increasing constraints, these cases may be tabulated as and show how the field content and the dynamics becomes more restrictive as a function of the constraints. It would be very interesting to perform a similar analysis for other versions of the constraint upon breaking the original form under various subgroups of SO (8) and to study the resulting multiplet structures, their dynamics and a possible higher-dimensional origin.
• As shown in appendix A, the first constraint in (5.1) admits the representation as a partial flatness condition for the integrability of an auxiliary linear system. No such representation is known for the constraint (3.1) with W AB being a deformation potential, as we have studied it in this paper. However, as we have discussed in section 4.2, for the particular solution (4.23) of the Wconstraints, the super field strength may be brought into the form (4.35) which descends from the zero-curvature condition on super null lines (4.36) of the linear system underlying the ten-dimensional Yang-Mills equations of motion [25] . Dimensional reduction does not guarantee the existence of a linear auxiliary system and a corresponding twistor space description. For example for the N = 4 SYM theory in four dimensions no such system is known, only the N = 3 superspace formulation has been described in these geometric terms so far [24] . However, the dimensional reduction of the the ten-dimensional SYM superspace constraints to six dimensions, describing six-dimensional N = 2 SYM, can be reformulated as a linear auxiliary system 13 . In three dimensions a twistorial description of SYM has been given in N = 6 superspace [41] . However, it is an interesting question if there exists an auxiliary linear system and an associated twistor space description for the solution (4.4) of the Wconstraints which eventually would give rise to a linear system and associated twistor space formulation underlying the equations of motion of the conformal BLG model. The covariance of our formalism suggest a study of this question analogous to SYM theories. 13 With
2 ε ijkl x kl being a six-dimensional vector (i, j = 1, . . . , 4) one finds that the integrability conditions of x ij ∇ jα S = x ij ∇ jα S = x ij ∇ ij S = 0 are equivalent to the superspace constraints for the six-dimensional N = 2 SYM theory as given in [19] , iff x ij is a null vector. The geometry of these null-vectors and the corresponding twistor space were discussed in [40] , it is natural to expect that there exists a twistor space formulation of the six-dimensional N = 2 SYM theory.
• In this paper we have studied the interactions between scalar and vector superfields induced by a deformation (3.1) of the super field strength. A natural generalization of this ansatz would also include the remaining irreducible term
with a tensor J αβ AB = J (αβ)(AB) , traceless in (AB), that is now likewise given as a function of the matter fields. An analysis similar to the one performed in the main text, shows that in presence of a non-vanishing J αβ AB the differential W -constraint (4.2) is modified to 
We expect that similar to the analysis presented in the text, these constraints will be sufficient to guarantee consistency of the system (5.2) coupled to scalar superfields. It remains an open question to find solutions of the extended set of constraints (5.3), (5.4) that would give rise to more general N = 8 theories.
• Along similar lines, the system (4.1)-(4.3) can be generalized by deforming the matter superfield constraint (4.1), i.e. by allowing more general contributions 5) where now Θ αȦḂĊ is considered as a function of the superfields Φ I , Ψ αȦ (subject to a number of differential and algebraic constraints). A similar strategy has been used in [42] in order to constrain the higher order α ′ corrections to tendimensional super Yang-Mills theory. In the present context, a viable strategy in order to describe higher order corrections to the models may be to implement the algebraic W -constraint (4.3) by adequate choice of the deformation potential W AB while solving the differential W -constraint (4.2) for this functional by suitably tuning the Θ contribution in (5.5) that modifies (4.1). In this context it is also possible to consider non-polynomial generalizations of the ansatz (4.4) which are scale invariant. The verification of the conformal symmetry of the resulting models can be conveniently carried out by representing the superconformal algebra on the N = 8 superspace. These steps represent a possibility for determining quantum corrections without relying on perturbation theory.
• The generic scalar field equations of motion (3.17) that we have derived as a consequence of the superspace constraints exhibit various terms containing the deformation potential W AB , as well as the derived quantities λ αA , ρ αABC and V IJ . However, when explicitly evaluating these terms for the explicit models in (4.10) and (4.29), we observe that all the terms give rise to only two distinct contributions to the equations of motion, a purely bosonic term and a single term bilinear in the fermions. This raises the question if this reduction of the general equation is related to some (yet undiscovered) underlying structure of the generic theory or if there exist more general solutions to the W -constraints (4.2), (4.3) for which the different terms of (3.17) do give contributions of different type. The question may be related to the fact that both our explicit solutions (4.4) and (4.23) satisfy an algebraic equation which is actually stronger than (4.3) and reads • Finally, it is a natural task to perform a similar analysis of superspace constraints for the theories with less supersymmetry. Of particular interest is the case N = 6, including the theories of [5, 44] . The relation to the harmonic superspace approach [45, 46, 47] and the pure spinor formulations [48] in this case remain to be investigated. Also the question of a possible supersymmetry enhancement from N = 6 to N = 8 may be addressed in this framework [49, 50, 51] .
We hope to come back to some of these issues in future work.
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A. A weaker constraint
In this appendix, we complete the discussion of the constraint system (3.2), i.e. of a vector multiplet with W AB considered as an independent field defined by (3.1). In this case, the constraint (3.1) can be understood as a partial flatness condition,
and therefore admits an equivalent formulation as an linear auxiliary system,
with a light-like vector λ αβ λ αβ = 0, such that integrability of (A.2) implies (A.1). Light-like vectors in R 1,2 are parametrized by T S 1 , the Minkowski space version of the mini-twistor space [52] , which suggest the existence of a corresponding twistor space formulation of this system.
To keep the analysis of the multiplet structure transparent we analyze the system (3.1) for abelian vector superfields, for which the resulting equations simplify considerably. The full non-abelian analysis does not add any conceptual challenges or modifications of the component field content except for the fact that all fields are matrices of the non abelian Lie algebra.
The conditions due to the Bianchi identities (3.4),(3.5), (3.7) and (3.8) are of the same form as in the non-abelian case, except that the covariant derivatives acting in the adjoint representation can be replaced by partial derivatives in the abelian case. The integrability conditions (3.11) are now genuine nontrivial conditions on the superfields. In the abelian case, they simplify considerably to
Evaluating the anti-commutator (3.1) on the last equation of (A.3) determines the superderivative of the tensor τ αβγ ABCDE as
. Iterating this procedure, we finally arrive at the (closed) system and analogous equations for σ and S, showing that in the abelian case these tensors are conserved higher spin currents. In the non-abelian case, a crucial modification takes place. First, partial derivatives are replaced by covariant derivatives and second, the r.h.s. of the equations (A.6), (A.7) (except for the Bianchi identity) receive non-vanishing contributions from commutators of the non-abelian fields.
Superfield expansion, multiplet structure
The obtained closed system of superderivatives of superfields (3.1), (3.4), (3.5), (3.7), (3 The only equations that these fields must obey are the first order constraint equations (A.6), (A.7), etc. The superfield expansion of A Aα is summarized in table 1, where the negative multiplicities refer to the first order constraint equations. The resulting multiplet is thus neither on-shell (as there are genuine field equations for its components) nor entirely off-shell (due to the presence of the constraint equations). Counting the field content of table 1 reveals 257 bosonic + 256 fermionic degrees of freedom with the extra bosonic singlet corresponding to the gauge freedom of the vector field A αβ . Interestingly, the same multiplet has appeared in [53] of reducing the superspace constraints of ten-dimensional Yang-Mills theories down to seven dimensions.
The relation between F αβ and A αβ may give an idea how to resolve the constrained fields in terms of genuine off-shell fields. E.g. in the abelian theory, the 70 conserved currents U ABCD αβ can be written in the form 10) as the field strengths of 70 off-shell and unconstrained vector fields B ABCD αβ . For the higher spin fields in contrast, this is less clear. In particular, the non-abelian generalization upon which the components U ABCD αβ , τ αβγ A 1 ···A 5 , etc., are no longer covariantly conserved currents, makes it even harder to see if there exists an formulation in terms of genuine off-shell fields.
In the non-abelian case the superfield expansion of A αA to second order in θ is formally the same as in (A.9). For the basic matter superfields and the bosonic C. SO(2, 1) spinor conventions
All spinors appearing in the main text, superspace coordinates or fields, are Majorana spinors in 2 + 1-dimensional space-time. Our metric convention is η µν = (−, +, +) 15 We do not introduce a new symbol for these matrices but take the index name from the range A, B, C.. as opposed to I, J, K... as part of the defining symbol, in particular this means for example Γ A=1 = Γ I=1 .
and we choose a Majorana representation for the gamma-matrices 
